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Abstract. This text discusses the importance and challenges of studying nonlocal boundary value problems, which arise frequently in applied
fields such as soil moisture transfer, thermophysics, and diffusion processes. The paper emphasizes the complexity of these problems due to
their nonlocal nature, which differs from traditional local boundary value problems. Despite the abundance of research in this area,
particularly the works of A.M. Nakhushev and others, mathematical tools to handle nonlocal problems are insufficient, especially when
addressing concepts like conjugacy or duality. These issues are particularly significant when coefficients are nonsmooth or measurable. The
work introduces the concept of a conjugate problem and the fundamental solution, which generalizes existing functions like Green’s and
Riemann’s functions. The study of these solutions for nonlocal boundary value problems is essential for advancing both theoretical
understanding and practical applications.
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1. INTRODUCTION

The appearnce of such features as loading, integral expression, etc., which are the cause of the nonlocality of
boundary value problems, is quite often expected in applications. The noted features cannot be ignored or
excluded, and therefore, such nonlocal boundary value problems should be investigated in the form in which they
occur.

Over the past few decades, research on nonlocal boundary value problems has become quite common in the
scientific literature. The reason for this is the large number of works of an applied nature by different autors. Of
these, we can note, for example, the works of A.M.Nakhushev related to the processes of moisture transfer in the
soil [1 — 5]. Further, it should be noted the works of A.F.Chudnovsky devoted to the problem of soil moisture
and soil thermophisics [6,7]. In addition, the works of A.V.Pshu [8,9] and A.A Andreyev [10,11] concerning
diffusion processes deserve attention and are of scientific interest to researchers involved in the processes of flow
of liquids and gases.

The processes of such content are relevant and subject to detailed study. However, the nonlocality of the
mathematical discription of applied problems makes it different for such problems some important issues that
have been sufficiently studied for local boundary value problems. Namely, conjugacy or duality has been well
studied for local linear boundary value problems, both for the ordinary differential equations, and for the partial
differential equations.

The study of this issue for linear nonlocal problems encounters serious difficulties of a constructive nature.
More precisely, traditional methods of studying linear local problems do not allow us to study linear nonlocal
problems using a similar calculus scheme. The lack and inferiority of mathematical operations and tools makes it
impossible to introduce the concept of a conjugate problem and to use it for linear nonlocal boundary value
problems with both concentrated and distributed parameters.

It should be especially marked the works of A.M.Nakhushev devoted to processes of soil moisture transfer
[1 — 5], related with Aller’s equation. In this works for similar boundary value problems there is studied the
issues of the approach to a solution and correctness of a problem solving. In this works thow nonlocal boundary
value problems are linear, but absence of subject mathematical tools does not allow to study by the traditional
method the duality problem for the nonlocal boundary value problems and even in the case of locality, if the
coeflicients are nonsmooth, and also are meassurable.

The concept of a conjugate problem or equation is an important step in the study of ditferent linear boundary
value problems. Related to this concept is the concept of a fundamental solution for a linear boundary value
problem, as well as the possibility of an integral representation for the solution of this boundary value problem.

Integral representation of solution of a linear boundary value problem related with the concept of the
fundamental solution which are introduced for this boundary value problem. Fundamental solutions of linear
boundary value problems for linear differential operator equations with constant and sufficiently smooth
coefficients there are studied by the classic methods and by generalized functions methods in the works
[12 — 16] and etc. The concept of the fundamental solution first there has been introduced in works [17,18] for
some linear operator equations, given in a Banach space of smooth functions. Some important applications of this
concept given in the works [19 —24] for local and nonlocal hyperbolic, pseudoparabolic and functional
differential problems with generally nonsmooth coefficients.
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In the suggested works there are used some concepts and taken structural reconissence of the considering
linear nonlocal problem into account [17 — 24]. Using here of discovered isomorphism between spaces allowed
also to discover the structural according between Sobolev space and conjugate space, which is important for
study of the duality for linear local problems.

In this work there is noted the linear operator which implements isomorphism between responding spaces.
Using this isomorphism, it has become possible to introduce the concept of a conjugate problem for the
considered linear nonlocal problem with multipoint boundary conditions. After this, there has been introduced
the concept of a fundamental solution for the abovementioned nonlocal boundary problem.

Note that a concept of a fundamental solution introducing here generalises the concepts such as the Green’s
function and the Riemann function. In other words, the concepts of the Green’s function and the Riemann
function are special cases of the fundamental solution introduced in this work.

2. FORMULATION OF THE PROBLEM.
In this paper the second order equations system

(V1z)(8%) =z (%) + 208, ) Ap (2, %) + 2. (2,20 4, (£, %) +

+2z,(t, x)4, (¢, x) + j z.(rh(t,x) )K(r; t, x)dT = g5 (t, %),
T
(t,x)eD=TxX; T=Itet;], ¥ =[xpx,] (1)

is considered under nonlocal boundary conditions [17 — 24]

™

(Voz)(®) = Z[z*(t’ & )ey () + 2(t,8,)8;(0)] = g2 (1), tET, (2)

=1
{Vl}_.lz}{:x} = Zx{:tl}.lx} == Ql{xl X E X_. (3)
VD,DZ = Z{:tg,xﬂ.} = Op- (44)

Here: 4y(t, x), 4, (t,x), A2 (t,x) are given n x n matrices, where Ay € Ly ;.,, (D), ie., with elements from
L,(D), 1=p<=oo; there exist such functions a3 €L,(T), a;€L,(X) that [4,(tx)ll=a,(t),
|42 (¢, x) || = @2(x) almost everywhere on D; K(r;t,x) is given n X n matrix, such that K(-;t,x) € Ly .0, (T)
for almost every (t,x) € D, g = p/ (p — 1), moreover, the norm [|K{ - ;t, x}”Lq n(T) s function of (t,x)eD
belongs to space Lp{:ﬂ]; h(t,x) is given measurable function on D, for which h(t,x) € X for almost every
(t,x) €D; galt,x),g2(t),91(x), go are given line n — vectors, such that g3 € L,,(D), g2 € Ly,(T),
g1 €Ly (X), gy € R™, i.e., with elements from LP{ZD}, LP{:T}, LP{ZX}, R, respectively; ﬁr_,-{:tl jS’_,-'[:t] — are given
1 % 1 matrices and @ € Loy (T), B € Ly pnun(T); & € X, j =1,..,m, are given numbers.

The considered linear nonlocal boundary value problem with multipoint boundary conditions is one of
various classes of nonlocal boundary value problems. Similar to this also other interesting classes of nonlocal
boundary value problems can be found in various applications. For example, in problems of soil moisture and soil
thermophisics [6,7], in the study of problems of forcasting soil moisture and grandwater movement [2 —4], in

works related to diffusion processes [6,7,8 — 10], in the study of biological and medical processes [5].
Under abovementioned conditions on the data of the problem (1)-(4) we can assume its solution from the

Sobolev space W, (D) of line n— vector-functions z€ Ly, (D) obtaining general derivatives
240 ZaZpx E Lp (D) in the Sobolev sense [13]. In other words, the operator V = {V[}.}[}., Va1, Vi Vu_} of the
boundary value problem has (1)-(4) been defined on W, (D) and acts into the space
Apn(D) = R™ X Ly (X)) % Ly, (T) % L, (D).

3. GENERAL FORM OF THE LINEAR BOUNDARY FUNCTIONALS
For studyof the conjugacu of the problem (1)-(4) we use an isomorphism, which is implemented by the

operator Nz = '[Z'[:tmxul z(tg, x), 2. (£, xp), Zr_r'[:tJX}} from I‘VPJ,!{:D] onto the space ﬂpJ,!{:D] of fours

@ = (@q, @1, @2, @3) [17 —24]. Take into account for this isomorphism also opposite description
x &

z(t,x) = (N te)t,x) = g + J‘fﬁ'l (&)de+ jfp: (T)dt +

Xp tp
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+ j j'-’ﬁ'a (r,&)drds, (t,x) ED. (%)

tp Xp

Using the operator V' = {vﬂ,[:u Vo,1: V1.0, VLl} of the problem (1)-(4) acting from I'Vp,;-z'[ﬂ] into the space
Ay (D) we can write this problem as one operator equation

Vz=g, z€&€W,,(D), (6)

where g = (gg,91,92,93) is given element from Apm (D).
With help of abovementioned isomorphism we can also write the equation (6) or the problem (1)-(4)) in
following equivalent form

fpg=g ¢@E ‘ﬂ"p,u{D}J (7)

where operator ¥ = '[ﬁu,ujﬁu,ljﬁi,m 15'1,1} is defined like # = VN1,
Note that every linear bounded functional f defined on A
the form

-~ (D) for 1 =p < o can be represented in

@ =00 73 + [ @@ 7@+ [ 020 f @ar+

+[[ o0 waraz ®)

where f = (fg, fi. forf3) is some element of the space Agn (D)=R"x Lgmn (3 = L,IJ”{T} X Lgn (D) with
adjoint number g =p/(p —1) for l<p<o and g=co for p=1, (-}’ is transponeering. It seems

that for 1 =p < co the space Ag,(D) is adjoint space to the A, (D). Although in case p = oo the conjugate

D
space (ﬂl.mm (D])é is a wider space of measures than 4, ,,(D), but we assume in this case as well as Ay ,,{D) like
conjugate space.

Taking the isomorphism implementing by the operator Nz = {Z{tu,xu], Zy {tﬂ,x], Z (t, Xp ), Z, _r{t,x]}
into account we assume (8) as well as linear bounded functional defined on Wj,,,(D) and the space A, (D) (with
g=p/(p—1)for every 1 = p = oo) as adjoint space to Wy (D): Agn (D) = Won (D).

4. ADJOINT PROBLEM AND ADJOINT OPERATOR

Now consider any functional f & ﬂl.qJ”(D] on values of the operator Vz:

FVz) = (Vopz)fy + f (Vo2 (E)f (£)dE +

+ [ o2 0F War+ [[ 2@ DR Goaras. @

Due to abovementioned isomorphism and linearity of the operators V.}JE{Z}J V.}Ji{z)l VL.}'ICZ], VLillzz], the
expression (9) may be considered as well as linear boundary functional defined on the fours

@ = {:qﬂu, @, (x), @ (t), f,e:';;{t,x:'} of the space A, (D)=R"x LPJ,I{X:I ® LPJ,!(T} ® Lp,:z(D}' In other words, we
can transform the last expression (9) to the following view:

fVz) = @Woof' + j @1 (O Wo, fE)dE +

X
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+[ o2 @Worar+ [[ o3 @OWr )wars, (10
T D

Where ml} = z{tl}ixl}l fﬂl{f} = zf{tl}i f): ‘I’IZ{T} = zr{TJxD}J fﬂg{?’, E} = er{T, E}J Jf-'|l = {fr!:liﬁlf-'ﬁr! Jf;} (We

denoted f' of four column vectors accordingly), operators Wy g, Wy 1, W) 5, W) ;) are defined as follows

m

Woof' = fi + j Z 8; (O f (Dde + ﬂ 4o (& D) f (&%) dtdx,
] D

T j=1

(Wour VO = £+ [ 8- 25 (0 5 D+
T iF1

+ﬂ 8(x — £)Aq (£, V) (& x) dtdx + f 4O, X
D T

™m

(Wyof )@ = Z a;(T) £ (7) + j 8(t—1) ) B; (t)f (dt +
=1

=1 T
+ ﬂ 8(t — )4, (&) £ (&, x)dtdx + j (e, 0 f (2, x)dx +
D T

+ﬂ K(t,t,x)f; (t.x)dtdx, TET, (11)
D

(W f )@ =fEo+ j 8t —1) Z 8(&;— &), (o) £ (D)dt +
T =1

™

+Z 8¢ —&)a; DA+ j 8t —1)8(x — &) Ap(t,x) fi (t, x)dtdx +

=1 D

+j 8(t — )4, (t, ) (& £)dit + j 8x — £) Ay (r, Of (1, x)dx +

T X
+ﬂ 8(h(t,x) — K (1;6, OF (¢, Ddtdx, (5,8)€ D,
D

and @(t) is the Heaviside function.
Now we shall introduce the concept of an adjoint problem.
Definition 1. We shall call adjoint problem the following system of column vector equations with respect to

desired four f = (fo, fu, for fa) € Mg (D):
Woof ' =vd (Wouf' J& =1{(8), ¢ €X;
(Woof )@ =y, Tl (Wi f )@8) =y5(z.8), (,E)ED. (12)
Here yo€R", ¥y €Ly (X), y2€Lgn(T), y3 €Ly, (D) are someline n— vectors. We will also call the

operator W = {I'Vu,u; Wo.1. W g, Tr'VLl} the adjoint operator to the operator V = '[Vu,uu Vo.1. Vg V1,1}; ie.,
W = 17*, This operator W acts in the space
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AL ,(D) = (R™)' x L

q.n {X} X L, Ei! {T} X L, Ei! {D]J

where (R™)" is the space of all numerical column n — vectors, Liym (x), Lym (T), Lyn (D) are the spaces of all
711 — dimentional column vector-functions with elements from L, (x),L,(T), Lq{D}, respectively.

Note that considering the views (11) of the operators Wyg, Wy 1, W) o, 1 we may say that the adjoint
problem (12) is an inteqro -algebraic system with respect to the desired four f' = 'I:f[; ,fl" , f:f,faf] EAL L (D).

5. THE SYSTEM OF MATRIX EQUATIONS

We will use a concept of the space A,y (D) = R™ " x Lgnxn (X)) x Lgnun (T) x Lgnxn {D) of the fours
F =(F,F,F,F) ofall nxn— matrices Fy, F{x),F(t),F(t,x). Here R™™ is the space of numerical
n X n — matrices; Lgun (x), LqJ,!x,!{T}J Lgnwn (D) are the spaces of n X n — matrices F, (x), F(t), Fs(t,x)
with elements from L, (x), Lq'I:T], Lq{D}, respectively.

Now introduce following system of matrix equations with respect to the desired four

F = (Fo, Fi(8),F2(7), F3(1,€)) of matrices Fy € R™®, ) € Ly in (X), Fy € Ly nsen (T), Fy € Ly e (D):
WooF =Tp; (Wo F)(&) =18, ¢€X;
(W oF )(1) =To(x), T€T; (W F)(r,&) =Ty(r,&), (r,&) €D. (13)
Here Ty, I3 (&), Ib(7), T3(t, &) are some n X n — matrices from R™*™ LqJ,;x,;(X}J Lq,,;x,;(T}J Lgnxn (D),

F =(F,,F,F,,F;) is desired four of 1 ¥ N — matrices Fp, Fi (&), (1), F3 (1, &);
Wop, Wy, Wy 5, Wy 4 are matrix operators, which are expressed in terms of the operators (11) as follows:

respectively;

Woo = (WooF?t, ..., WpoF™),
(Wor) @) = ((WorF)(@), -, (Wo, FP)E)),
{WJ.,D:}(T] = {{L’FLQFJ'}{T), van g {L’VLDF”}(T}), (144)

(W) (@) = ((WaaF )@ &), ., (W2 F")(5,) ).

the matrices Fj, Fll[; ], Il:': (1), F; (T, & ), respectively.

It seems that each j— th (j=1,..,n) four Fi = {F[;f, Ff{fl F:‘J.(T]J F;.{TJE]) of j— th columns
F'ﬂffJ F}‘?{EL R.}.{T}J E;(ij} of the corresponding matrices Fy, F (&), B(1),F(1,&) is a solution of the adjoint
problem (12) with right-hand sides

Yo =T, HE) =1/,

where FJ = (F‘f El(&),E/ (2),F/ (r,¢ )) and E,EX(&),E/(1), B! (1,&) are j— th (j = 1,...,n) columns of

yi(o) =Ti(), (&) =T 8

In other words, every four Fi = {.F'[;f, F.f {f ), F:‘J.(T]J F;.{TJ 3 ]) is a solution of the following integro-algebraic

system:
WyoF! =TJ; (W F) (@) =T/(®), ¢ ex;
(WoF )@ =T)(0), teT; (W F)(5,8) =T(z,8), (1,&) €D, (15)
where TJ,T7(£),I7 (1), T/(1,&) are j — th columns of the corresponding matrices Ty, Ty (), Ty (1), Ty (T, ).

Last  system (15) is the same system (12) in  which fr=FI, = F'rfj
A@O=F©, £f@=F@, fit.&) =F(x¢). Thus, thesolution  F = (Fp,F(£),F(0), F(z.8)) of
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the system of matrix equations (13) consists of a list of the solutions Fi = (F‘jj Ef.{:cf], F:'J.{:T}, F;.{:T, -f]) of the

adjoint problem (12). Basing on linearity of the operators (11) and having expressions (14) of the operators

Woo, Wy, Wy 5, Wiy by the operators Wy, Wy, W) o, W) 1 we can write the system of matrix equations (13) as
follows

WyoF = Ty; (Wo F)E) =T,(8), £E€X;
(WioF)(1) =olx), T€T; (Wi F)1,&) =Ts(r, &), (1,£)€D. (16)

The system of matrix equations (13) in this form unites the systems (15) for all j = 1,...,n, Le,, it is enuf to
write in the system (12) f' =F, y, =T, ¥ (&) =0(8), yo(r) = Lit), yalr, &) = Ta(r, &)

Basing on abovementioned and paying attention to the expressions of the matrix operators
Woo Wy, Wy 5, Wy 4, we may say that following theorem is truth.
Theorem 1. If the adjoint problem (12) for each right-hand side ¥ = (¥g,¥1,¥2,¥3) € Agm {D) has a solution
f={fo.fi.fofa) E Agm (D), then the system of matrix equations (13) or (16) also for each right-hand side

I'= {:r[:u rl: PjJ 1—‘3] = ‘ﬂq,n}cn {D}

has a solution F = (Fy, Fy, Fa, F3) € Ay pyen (D).
Proof. As we noted above the operators W g, Wy, W) o, Wy 4 of the system of matrix equations (18) are
expressed by the operators Wyg, Wy q, W) 5, 1) 3 of adjoint problem (12) as have been shown in (14). Further,

there had been shown that the system of matrix equations (18) involves a list of n adjoint problems (12) which
were represented as the systems (15) with right-hand sides

Yo =Ta, HOESHG)
p@=rl@, rpEH=HEd j=1.n
Then, the proof of the theorem is become clear.

Besides Theorem 1 we shall note also the following important theorem [14 — 16].
Theorem 2. Let adjoint problem (12) for zero right-hand sides, i.e.,

Woof ' =0; (Wouf' )@ =0, £€X;
(Woof )@ =0, T€T;  (Woif')n&) =0, (1,8) €D,
has unique trivial zero solution, i.e., for solution f = (fo,fi(€), f2(), f3(r,)), the components are equal zero:
fo=0, A =0, fex;
f(1)=0, 1€T; fi(r.&) =0, (1,8) €D.

Then the adjoint problem (12) for each given four yp € R®, ¥y € Lg,(X), y2 € Ly,n(T), y3€Ly,(D) of the
right-hand sides has a unique solution = '[fujfl'[f}; s (), I (z, f}} from the space

ﬂ"fL:'z{:D] =R"x LI!L:':{:}':F}I bt LfL:lz
Here is also true the following theorem.
Theorem 3. Let adjoint problem (12) with zero right-hand sides

(T) % Lgn (D).

Woof' =0; (L-me’:}{f} =0, ¢feX;
{IVLD}N}{T} = ﬂ.l TE T; {I:FLlfll:H:TJ E} = ﬂ; {:T_l 'f} ED

has unique trivial zero solution, i.e., for solution f = (fg,fﬂf}, f(1), fa(x, cf}} the components are equal zero:
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fo=0, AlE) =0, FEX;
fT)=0, TET; flr,&) =0, (1,8) €D.

Then the system of matrix equations (13) or (16) for each given four [y € R™ ", I € Lw!x,l(ﬁf}h
I € Lgnun (T), T Lgmwn (D) of right-hand sides will have unique solution F = {F[:., F, (&), F(1), Fs {T,cf}}
from the space

‘ﬂ"rhn}cn {D} = R™ " x Lq;rzx:z{X} ® Lq;nxn {T] ® Lt];?zxn{D]'

Proof. Based on the theorem 1 and using the theorem 2 we may say that if the adjoint problem (12) has a
unique solution for any right-hand sides, then system of matrix equation (16) has a unique solution for any right-
hand sides.

We can get the kind (16) of the system of matrix equations (18) by putting in the system (12) f'=F,
fa=F, =R FFO=R A=K and y=T, ¢ =0, yi =T,
yaltr, £) = T3(z,&). In this case, we will also take these values into account in expressions (9) and (10). Then we
will get the following vector relation:

@o - WyoF + j @1 () (W  F)(E)dE +
X

+j @2 (T) (W oF )(D)dr + J‘J‘ @3 (1, E) (W F)(7,&)drdE =
T D
= (Vooz)Fy + j{Vn,iz}ff]Fiff}df+

+ f (Vipz)(DE ()dr + ﬂ (Vi12)(z, &) By (7, 8)drde. (17)
T D

Remind that
@y = Z{tDJxD}J '{Fl{'f] = ZE{I-'[:., 'f].l

@2(1) = 2. (1,%0), @a(r,8) = 2,5 (1,8).

Note that for the solution z & W,,(D) of the problem (1)-(4) with the right-hand sides gy € R,

g1 €L, (x), g2€ Ly, (1), g3€ Ly, (D), and for the solution
F = (Fy,F,F2,F3) € Agen (D) = R™7 X L i (X)) % L e (T) % L (D) of the problem (16) with the
right-hand sides Ty € R™*®, T} € Lgun x), L e A— (), € A— (D) the relation (17) will be in the
following view:

0o T+ [ @@ L@z + [ 0:0) Bar+

X T
+J] @1, &) (T, f)defZED'PD"'jﬁi(f}'ﬂ{f)df'i'
D X

+j g2lt)-Fo(r)dr + J] g3\t &) F3(t, E)drdE. (18)
T D

Now we will consider a special case of the matrix equations system (16) for the right-hand sides I} = E,
LE)=08(x—¢§)E Lit)=0(t—1)E, Iir,&) =6(t —1)8(x — &)+ E with parameters £ €T and x £ X:

7
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WooF = E; (W F)(@)=6(x—¢)-E, §€X;
(Wi oF)(x)=8(t —1)-E, TET;
(I"FLJ.F}'[:T: §)=06(t—1)8(x—&)-E, (1,§)ED, (19)

where E is the unitn ¥ n matrix and &(t) is the Heaviside function.

6. FUNDAMENTAL SOLUTION AND INTEGRAL REPRESENTATION
Now we will introduce a concept of the fundamental solution for the linear nonlocal boundary value
problem (1)-(4).
Definition 2. The solution F = (Fy, F}, F5, F3) € A g nxn {D) of the system of matrix equations (19) with right-
hand sides in special view will be called fundamental solution for the problem (1)-(4) and denoted

ﬁ{:t, x) = (ﬁ}{:t, x), Fl (t,x:-), f: (t,x:-), ﬁa (t,x:-, - ]) £ ﬁm,!x,! (D). Its clear that the fundamental solution in

addition to independent working variables (r,&) € D, also depends on the parameters (t,x) € D.
In connection with introduced concept of the fundamental solution we shall note the following theorem.
Theorem 4. Let the adjoint problem (12) with zero right-hand sides
Woof' =0; (Wouf )@ =0, ¢ €x;
(Wiof )@ =0, ter; (W f N8 =0 (r.&)eD,
has unique trivial zero solution f = (0,0,0,0) € A, ,(D) ie,
fo=0, A =0, fex; _ _
Jf:{-T}EﬂJ TET; JFE‘:.TJE}E{]J {.TJE}ED'

Then the system of matrix equations (19) has a unique solution
Fex) = (Rt 0,A (6% -), Bt x ) Bl %))

q.m

from the space
ﬂﬁ;?zxn{.a} = R”x” X LfL:'z}-C:'z{.‘5':'?JI X LGJ?!KFE{.T} * LfL:'!)-c:;'z{.D}-

Proof. Basing on the theorem 3 we get of proof of this theorem. Indeed, the special system of matrix
equations (19) with parameters (t,x) €D for almost every (t,x)ED is partial case of the matrix equations
system (16) with respect to desired four F = '[FD, F (&), E(1), Rt f}} According to the abovementioned we
are convinced of the proof of the theorem.

Thus, for the fundamental solution, i.e., for the solution of the matrix equations system (16) corresponding to
the right-hand sides

= E, () =6(x— &) E, L) =6(t—1)-E,
Gné=0(t-0ox-¢)-F, (20)

the relation (18) will be as follows

x E r x
@yt jfﬂl'[f} dé + ij:{:T] dr + jfpgi:n EldrdE =
&p tp tn Xp

= goFolt,x) + j 91(&) B (t,x; )de +
X

+j g-(D)E(t,x;T) dT + ﬂ g3, &) Ey(t,x; T,& DdrdE. (21)
D

T

Taking the expression (5) into account in the last relation (21) we get the following representation of the

solution z € W, , (D) of the linear nonlocal boundary value problem (1)-(4):

8
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z(t,x) = goFp(t, x) + j g (BVE (t, x; )dE+
X

+j g-(T)E(t, x; 1) dT + J:[ g3(1, &) B (t,x; T,& drdéE. (22)
T D

Finally, let us note the following last theorem.
Theorem 5. Let the adjoint problem (12) with zero right-hand sides has unique trivial zero solution
= (0,0,00) e ﬂqm (D). Then the nonlocal linear boundary value problem (1)-(4) has the fundamental solution

ﬁ{t; .'X.'} = (ﬁ}{tj x}.l Fl{t.l _'X.'; " }.l ﬁj{:thF b }.l ﬁﬂ {t.l .'X:; " })
from the space
ﬂﬁ;?zxn{.a} = R”x” X LfL:'z}-C:'z{.‘5':'?JI X Lﬁ;?zxrz{.T} bt LfL:'z}cn {D}

for almost every (t,x) € D and there takes plase the integral representation (22) for the solution z € W, (D)
of the problem (1)-(4).

Proof. First part of the proof of this theorem follows from the theorem 4. Further, if the solution
z € W, (D) of the nonlocal problem (1)-(4) has fundamental solution then as we noted above there takes plase
inteqral representation (22) for this solution z(t, x).

Remind that the concept of the fundamental solution introduced for the considering linear nonlocal problem
(1)-(4) is more general in comparison with the Green’s function and the Riemann function.
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